We study the behavior of non-Markovianity with respect to the localization of the initial environmental state. The "amount" of non-Markovianity is measured using divisibility and distinguishability as indicators, employing several schemes to construct the measures. The system used is a qubit coupled to an environment modeled by an Ising spin chain kicked by ultra-short pulses of a magnetic field. In the integrable regime, non-Markovianity and localization do not have a simple relation, but as the chaotic regime is approached, simple relations emerge, which we explore in detail. We also study the non-Markovianity measures in the space of the parameters of the spin coherent states and point out that the pattern that appears is robust under the choice of the interaction Hamiltonian but does not have a classical-like phase-space structure.
I. INTRODUCTION
Open quantum systems were recognized as an important subfield of quantum mechanics early in their history [1] , because understanding them allows one to explain ubiquitous phenomena, such as spontaneous decay [2] . Later, the Lindblad equation was proposed to describe the evolution of the reduced density matrix of a quantum system weakly coupled to a memoryless environment [3] [4] [5] . Environments that lie outside that approximation (Lindblad equation) have attracted the attention of the community in later years. This is, arguably, because we now have such delicate control of quantum systems that memory effects become experimentally relevant [6] , and environment engineering is possible [7, 8] to mitigate or even use such effects [6, 9, 10] . A whole community is now dedicated to the study of such systems, known as non-Markovian environments. Numerous efforts have been made to define non-Markovianity (NM) in a precise manner, to measure it, and to take advantage of it (see the previous review papers and Refs. [11, 12] ). Many systems have been studied under this program, both theoretically and experimentally [6] .
Currently, there are many examples of non-Markovian environments that produce a variety of effects. However, not much is known regarding what the key properties that might boost the non-Markovianity of an environment are. Some properties, such as the structure of the phase space of the classical counterpart of the environment have proven to be crucial; however, what happens when we do not find such a classical analog? In this paper we focus on two questions. First, is the value of the several measures of non-Markovianity for long times, only dependent on the effective dimension of the Hilbert space? Second, is there a hidden underlying classical structure in the environment that we can unveil with the help of these measures?
To study these questions, we consider a qubit coupled to a kicked spin chain, which has integrable, mixed and chaotic dynamical regimes [13, 14] , but, as far as we know, no semiclassical analog. The interaction between qubit and environment is set up so as to have dephasing, so all the decoherence effects on the qubit are contained in a suitably defined fidelity of the environment.
To quantify NM, we use two commonly used measures [15, 16] and a third that was recently introduced and which has a direct relation with a physical task [11] .
We find complex relations between NM and the localization of initial environmental states in the integrable and mixed regimes, which depend on the peculiarities of each NM measure. In fact, in Ref. [17] a relation between localization, induced by disordered, and a particular nonMarkovianity measure was explored for an environment consisting of an array of cavities. In the case of the recently introduced measures [11] , the effective dimension of the Hilbert space of the environmental states has an important role which leads to more complex behavior. In the chaotic regime, due to the ergodic properties of the Hamiltonian, the relation is simpler and almost homogeneous. Regarding the search for underlying classical structure, we focus our attention on the features that emerge in the space of the parameters of the initial states (spin coherent states) when the NM and the inverse participation ratio (IPR) [18] are calculated. We searched for the characteristic finely granulated fractal structure predicted by the Kolmogorov-Arnold-Moser (KAM) theorem but found only a coarse non fractal one.
The paper is organized as follows. In Sec. II we give a brief introduction to the measures used for nonMarkovianity and for localization of quantum states. In Sec. III we present the general scheme of dephasing dynamics and the details of the dynamics. In Sec. IV, we present and discuss the results. We finish by summarizing the results in Sec. V.
II. TOOLS A. Identifying non-Markovianity
Many measures of non-Markovianity have been proposed: The two most wide spread are the BLP (introduced by Breuer, Laine and Piilo in [15] ) and RHP (introduced by Rivas, Huelga and Plenio in [16] ) measures. The first is based on the violation of the contraction property of Markovian systems, i.e., decreasing distinguishability between initial quantum states. The second is based on the violation of a well known mathematical property of Markovian process, divisibility of the quantum map. Both criteria come from the classical theory of Markovian stochastic process. A whole new set of measures have been proposed [10] . One of these [11] , proposed by the authors of this paper, is based on quantifying the probability of successfully performing a certain task.
It is hard to strictly verify if a stochastic system fulfills the classical definition of Markovianity [19] , since it depends on the whole history of the stochastic process. An additional caveat for quantum systems is the fact that in order to observe intermediate states of the system, one would have to measure, thus collapsing the wave function and thus also the probability distributions. This leads, among other problems, to violation of Kolmogorov consistency conditions even for closed quantum systems [10] .
One can, however, check the necessary conditions for Markovianity that can be easily interpreted from a physical point of view. For example notice that a classical stochastic process (not necessarily Markovian) can be described by a time dependent right stochastic matrix A(t) that maps the initial probability distribution p(t = 0) to A(t) p(0) = p(t). Matrices describing the intermediate process, say the map from time t to t ≥ t ≥ 0, described by A t,t ≡ A t,0 A −1 t ,0 , will also be right stochastic matrices for Markovian processes. We argue that the intermediate process is a valid one, and if A t,t is right stochastic for all t ≥ t ≥ 0, the process is said to be divisible. This construction can extended to the quantum case, replacing the divisibility concept with the completely positive map (CP map), which characterizes a valid quantum channel. Given a quantum process E t,0 , we shall say that it is CP divisible if the intermediate dynamics
are CP maps. Figure 1 illustrates the general idea for divisibility and CP divisibility. A general property of a CP divisible process is that given any Hermitian operator ∆ the trace norm decreases under the action of the map [9] ||E (∆)|| 1 ≤ ||∆|| 1 , where || · || 1 is the trace norm.
In particular, choosing ∆ = 1/2 ( 1 − 2 ) we have
where D( 1 , 2 ) = 1/2|| under a Markovian process. This in turn shows how two initial conditions are increasingly forgotten, and are more difficult to distinguish, as the trace norm is directly related with the two state discrimination problem. Some authors define Markovianity with this property: If there exists a pair of quantum states such that the last equation does not hold, in Ref. [15] the process is said to be non-Markovian.
B. Quantifying non-Markovianity
Two well-known measures of non-Markovianity can be constructed, based on violations of either Eqs. (1) or (2) . In particular, the authors of both measures constructed them adding up the local contributions of the chosen criterion.
For the case of the RHP measure (based on divisibility) the authors define g(t) = lim
where J [E (t+ ,t) ] is the Jamio lkowski isomorphism [20] that relates quantum channels and density matrices. In particular, it takes CP maps to positive operators with unit trace. Thus, if E (t+ ,t) is a CP map, the eigenvalues of the J [E (t+ ,t) ] will all be positive and add up to one. Otherwise, they will still add up to one, but with negative contributions. Thus, g(t) is greater than zero if at time t the dynamics are not divisible; otherwise, g(t) = 0. The measure proposed in Ref. [16] is obtained by integrating the contributions of the non-CP-divisible behavior throughout the entire evolution:
The brackets here indicate functional dependency.
In a similar spirit, we can integrate the deviations from the contractive behavior, expected for Markovian evolution. Considering the derivative of the trace distance σ (t, 1,2 (0)) = dD ( 1 (t), 2 (t)) dt .
According to Eq. (2), σ ≤ 0 for Markovian dynamics. We can integrate this deviation to obtain the measure proposed in Ref. [15] , where a maximization over all states is taken. Thus,
These two measures have some serious drawbacks. In particular, they are not continuous in the spaces of functions, and small fluctuations can change the value of the measure by an arbitrarily large amount. Notice that these issues arise always with a finite Hilbert size environment, and also in finite number statistics. One has the option to cut the integration interval to a finite time, or smooth out the fluctuations by windowing the data. One can also consider other proposals [11] which not only remove that problem, but also provide a physical interpretation for the number obtained. The proposals are
and
In this case, K is a quantity associated with the channel and/or its derivative. This can be, say, the quantum capacity, the trace distance with respect to some fixed states, or evenK(t) = g(t) as defined in Eq. (3).
C. Fidelity and localization
A very simple model of an open quantum system is one in which the dynamics of both the system of interest (central system) and environment are considered and taken to be unitary. If the interaction between them commutes with the Hamiltonian governing the system, one has dephasing dynamics. This kind of dynamics is the simplest decoherence type and is the one considered in this article. If the central system is a qubit, one can write the evolution operator as
with U 0 and U δ acting on the environment and |i i| (i = 0, 1) appropriate projectors on the qubit. Given that the initial state of the whole system is the separable state |ψ sys ⊗ |ψ env , the dynamics on the qubit only depend on the fidelity amplitude [21] defined as f (t) = ψ env |U † δ (t)U 0 (t)|ψ env (10) and the expectation value of the echo operator M (t) = U † δ (t)U 0 (t) with respect to the state |ψ env . In particular, the unitary dynamics of the qubit are going to be encoded in the phase of f ; other quantities such as purity, that are invariant under unitary transformations, depend only on the fidelity
It follows that in the dephasing scenario, the study of non-Markovianity reduces to the study of the fidelity amplitude in the environment. If we consider long discrete times, and under ergodic conditions, one can assume that the sequence of states M (t)|ψ env is random with respect to |ψ env ; by that we mean that ψ env |M (t)|ψ env is a sequence of random Gaussian numbers. In this model the fidelities are uncorrelated Gaussian random numbers with zero mean and standard deviation inversely proportional to the square root of the dimension of the Hilbert space in which |ψ env lives. However, systems that are not ergodic, from a classical point of view, do not explore the whole phase space. The simplest correction to the model proposed leads to the concept of effective Hilbert space. The dynamics, for a fixed initial state, can often be described with smaller subset of states sharing a quantum number with the initial state. Say, if the initial state of a semiclassical integrable system lives in a torus, we can describe the evolution with the eigenstates belonging to that same torus. Thus, the dynamics are taking place in an effective Hilbert space of dimension roughly equal to the number of coherent states that cover that torus. In a purely quantum scenario, such a situation arises naturally when one has "good" quantum numbers. A reasonable way to quantify to what extent one can describe states in terms of a small number of states of an orthonormal basis is using the inverse participation ratio (IPR). This quantity is defined for a normalized state |ψ with respect to the orthonormal basis {|n } as
The lower bound for the IPR is 1/ dim H and is attained when we have equal weights of |n on the state |ψ ; we say that |ψ is a fully delocalized state. The upper bound of 1 is obtained by states of the base {|n }; we say that |ψ is localized. Typically the basis {|n } is chosen as the normal eigenbasis of some operator, typically the Hamiltonian prior to a perturbation. It should be noted that such an operator can not have degenerate spectra in order to avoid ambiguities in the basis and get well-defined IPRs.
D. Putting together the tools
At this point, we wish to connect the three quantities discussed: non-Markovianity measures, fidelity, and IPR. Non-Markovianity measures are determined, for dephasing channels, by the fidelity of an environment. In particular, as can be seen from Eqs. (4) and (6), they are determined by the fluctuations of fidelity. In turn, under an ergodic hypothesis, the IPR can tell us how asymptotic fidelity behaves, with an effective dimension yet to be determined. In this paper we want to study under which circumstances we can reduce the study of non-Markovianity to the study of an effective dimension of a quantum system.
III. MODEL
In this section we start with a generic Hamiltonian that induces dephasing dynamics. We then specify the particular model to be used as environment, namely, a kicked chain of spin-1/2 particles and the initial states of the environment. We complete our model specifying the interactions considered in this work.
A. Dephasing dynamics
The Hamiltonian of a qubit under dephasing dynamics is, up to rotations in the qubit,
[as in Eq. (9), when writing tensor products, the first term acts on the qubit and the second, on the environment]. The first term is the free Hamiltonian of the qubit and ∆ is the transition energy between the two levels; H env is the environmental Hamiltonian; finally, modulates the coupling strength of the qubit-environment system, provided by the last term. Since the internal Hamiltonian of the qubit commutes with the interaction Hamiltonian we can ignore the latter; it contributes with a unitary transformation in the qubit that does not affect the non-Markovianity measures. The total Hamiltonian can thus be written as
where H (±) = H env ± V ; its associate unitary operator takes the form Eq. (9). If we write the channel in the Pauli basis 1/ √ 2{1, σ x , σ y , σ z }, its matrix elements are given by E jk = (1/2)tr σ j U (t)σ k ⊗ env U † (t) , where |ψ env ψ env | is the initial state of the environment and σ 0 ≡ 1. We arrive to the expression
with f the fidelity of |ψ env with respect to the unitary operators U + (t) = exp (−itH + ) and U − (t) = exp (−itH − ). For this channel, all measures of non-Markovianity given in the last section can be easily computed and depend only on F (t) = F(t). For example,
with b i and a i the times of the i-th maximum and minimum of F (t) respectively. For the computation of the BLP measure, the states that maximize Eq. (6) are those lying on the equator of the Bloch sphere in antipodal positions. The trace distance is the Loschmidt echo, D( 1 (t), 2 (t)) = F (t). From Eq. (6), the measure is
This shows a direct relation with both revivals and fluctuations of the Loschmidt echo of the environmental dynamics. Finally, measures N The system used as environment is the homogeneous Ising spin-1/2 chain kicked by short pulses of magnetic field. This system was proposed by Prosen to study the relation between ergodicity and fidelity [13, 14] . The Hamiltonian reads
whereδ(t) = ∞ n=−∞ δ(t − n) and σ N ≡ σ 0 . The first term corresponds to a homogeneous Ising interaction strength; b ⊥ and b are the perpendicular and parallel components of the magnetic field with respect to the direction of the Ising interaction; finally,δ(t) is a train of Dirac δs with period 1. This system has three well-known dynamical regimes. For both b ⊥ = 0 or b = 0 the chain is integrable [13] . For b = b ⊥ ≈ √ 2 the dynamics is chaotic in the sense of random matrix theory [22] . It follows that the nearest neighbor spacing distribution P (s) of the quasienergies resembles the one of the circular orthogonal ensemble, see the appendix. The third regime is an intermediate one where there is level repulsion but the system is not fully chaotic. The Floquet operator is
and the evolution operator for longer times is simply U (n) = U n . This model has the advantage that it can be split in one and two qubit operations, as the terms in each of the exponentials commute with one another, and one can thus express the exponential as a multiplication of exponentials each with only one or two particles involved.
In order to map local features of the non-Markovianity and have initially null correlations in any part of the complete system, we use the spin coherent states as initial states of the environment. They are invariant under permutations and can be regarded as a macroscopic state.
Coherent states are defined as a coherent displacement of the fiducial state |J = j; m z = j :
where the total spin is given by j = N/2, D
ϑ,ϕ is the rotation matrix in the subspace of spin j. These states form a complete basis in the symmetric subspace. In fact, one can parametrize these states in a Poincaré sphere, and rewrite
The environmental Hamiltonian is invariant under external rotations: The translation operator, which takes state ⊗ i |ψ i to state ⊗ i |ψ i+1 , commutes with Eq. (19) . This symmetry foliates the Hilbert space in quasimomentum k subspaces [22] . As the translation symmetry leaves Eq. (20) invariant, such states live in the k = 0 subspaces, and as the evolution respects the symmetry, it will remain in such subspace. The calculation of the IPR is thus simply
C. Interaction operator
We shall study three kinds of couplings (local, global and generic), and look for common trends and differences. Local and generic couplings will break the symmetry of the environment, whereas the global one is chosen to maintain it. We continue by presenting the local perturbations.
As mentioned above, the interaction was chosen to induce a dephasing channel, for sake of simplicity. The operator V appearing in Eq. (13), can be seen as a perturbation operator of the environment dynamics [see Eq. (14)]. For the case of global perturbations, we probed altering either the magnetic field or the Ising interaction between neighbors, which correspond to choosing V as
Analogously, for the local interaction of the qubit with the environment, we chose the coupling as
where only two and one qubits of the environment, respectively, interact directly with the central qubit. Finally, to study the generic case, we consider the simplest choice, inspired in ergodicity arguments of quantum chaos [23] . We select V from one of the classical ensembles, namely the Gaussian unitary ensemble (GUE). We shall denote that case as V GUE , and it corresponds to a global and structureless perturbation.
IV. RESULTS
The unitary dynamics in qubit plus environment [defined by Eqs. (13) and (18) and the interactions discussed in Sec. III C] induce a specific dephasing channel Eq. (15) once the initial state of the environment is specified. In our case, such state is a coherent state Eq. (20) , specified by the parameters ϑ and ϕ. The environment, a spin chain, will be used in integrable, mixed and chaotic regimes, varying b ⊥ = 0.1, 1 and 1.4 respectively while fixing b = 1.4. We use b ⊥ = 0.1 instead of 0 for integrable dynamics, in order to avoid degeneracies in the spectrum and have a well defined IPR. Corresponding spectral statistics are presented in the appendix. For all calculations, we chose the coupling parameter = 0.1.
We performed numerical calculations of the measures of NM using time cutoffs of t cut = 10 4 and a mesh in coherent state parameters (ϑ, ϕ) of ∆ϑ = ∆ϕ = 0.1; the two measures Eqs. (4) and Eq. (6) were slightly modified to accommodate to the intrinsic discrete time structure of Eq. (18) . We also considered a time cutoff in the integrals of the measures, as the fluctuations caused by a finite dimensional environment would send the aforementioned measures to infinity. The IPR of the initial environmental states were calculated with respect to the eigenbasis of U + for simplicity. Since we are taking a small , the IPR does not vary considerably if instead of U + , we consider U − or a Floquet operator with an intermediate . We discuss first the relation of the different measures of NM with respect to the IPR. Next we study the dependence of these quantities with respect to the choice of the state of the environment; that is, we study the structure of the environment that can be seen, studying the decoherence of the qubit. The section is closed with some comments on the generality of the results when one varies the dimension of the environment and the total evolution time considered.
A. Dependence of non-Markovianity on the state localization
We study the behavior of NM, using N RHP and N BLP in Sec. IV A 1 and then using N max K and N · K in Sec. IV A 2, with K being D or G. In the first section, we focus in the cases which the coupling is via global and local nearest neighbor Ising interaction, V J and V 0,1 respectively; and a global V GUE operator. In the second section, we focus only on global V J and V GUE . These interactions represent well what happens for the other cases for each study. 
Using BLP and RHP measures
In Fig. 2 we show, for different initial conditions of the environment and a coupling of the type V J , the value of NM using BLP and RHP measures as a function of the IPR.
In the integrable regime the two measures have different behaviors; N BLP grows for increasing IPR until it reaches a maximum around P −1 ∼ 0.4, where it starts to decrease. N RHP has an approximate monotonic decreasing behavior, showing a change of slope around P −1 ∼ 0.4 and another close to P −1 ∼ 0.6. A local coupling, namely V 0,1 , yields similar results; however, the peak in the BLP measure is sharper and the decay of RHP measure is faster ( Fig. 2 second column) . The behavior of N BLP can be explained qualitatively by studying the fidelity which, for the dephasing case, is related to the distinguishability via the equation D(t) = |f (t)| 2 . In Fig. 3 we show its evolution in the integrable regime, for three initial conditions and two different environment sizes. For high and low values of localization, oscillations of D(t) are constrained around high and low values of asymptotic fidelity, respectively. Therefore, the relatively low values of non-Markovianity belong to the high and low For small values of the localization, the typical minimum is very close to zero, for which the logarithm is large, in absolute value. One can approx-
where n is the number of minimums included in the interval of the computation of the measure and F (ã) is its typical value. The value of the measure is now seen to be directly related with the localization giving again a monotonic behavior with different slope. For both measures, low localized states tend to cluster. These states are localized in the equator of the Poincaré sphere (see Fig. 9 ). This explains the two leaf-like structures connected by a stem in the integrable regime.
In the mixed and chaotic regimes fidelities begin with a fast decay after which they fluctuate around the inverse of the effective dimension of the state (Fig. 4) . Since the asymptotic fidelity is inversely proportional to the effective dimension of Hilbert space, the scale of the NM is lower in these regimes with respect to the integrable. The IPR is also small due to ergodic properties of the Hamiltonian. In the mixed regime the slope of the data using V J and V 0,1 is positive for BLP measure, while for RHP it is clearly decreasing for both perturbations, mimicking the integrable cases. Thus, both measures behave differently also in the mixed regime. In the chaotic regime, we expect full ergodic properties, and consequently, a similar reasoning to that of the mixed case will follow, however with smaller IPR. Indeed, all initial conditions cluster around a smaller region but a slope, consistent with the mixed cases, is observed. Finally, we show the results when a random potential provides the coupling in Eq. (13); namely, when we take V = V GUE . The dependence of NM on the IPR is shown in Fig. 5 for both the integrable and the chaotic cases. Its behavior is qualitatively similar to the one observed for the other couplings, when comparing among integrable cases, mixed and chaotic ones. However, there are some quantitative differences. For example, the BLP measure still has an initial growth but is very short compared with the case of V = V J . The same arguments as before can be stated to explain the general features of the behavior. In the previous section we considered measures BLP and RHP, which are based on the non monotonicity of distinguishability, as measured by D(t), and of divisibility, as measured by RHP and BLP measures of the spin chain using a random coupling, chosen from the GUE, in the integrable regime (main panel) and the chaotic regime (inset). We observe a monotonic decreasing behavior for both measures in all regimes, with a short growth for BLP measure in the integrable regime.
Eqs. (7) and (8) to obtain a quantity that can be directly related to a physical process [11] , and contrast its behavior with measures BLP and RHP.
For the integrable case, we observe that there are two distinct behaviors, for both measures N max K and N · K , regardless of whether they are based on D or G(t). In Fig. 6 , we show the results for the case in which the coupling is V J . These two different behaviors are associated with the two hemispheres of the Poincaré sphere, and its details can be understood by studying the evolution of fidelity. In particular, for N max D , one of the branches displays a maximum (P −1 ∼ 0.4), then it decays linearly. The other branch, corresponding to the southern hemisphere (π/2 < ϑ ≤ π), has a slight increase with IPR. The behavior of N · D is similar; however, it is scaled down, and instead of a slight increase, the southern hemisphere displays a small increase with IPR. A quantitatively similar behavior is seen when we base our measures in G(t), with the bending point being again at P increase as we take more localized initial environmental states. For highly localized states in the integrable regime, there are two families of states. One, with asymptotic fidelity greater than 1/2 and whose fidelity has a high frequency, but small amplitude, and other with asymptotic fidelity smaller than 1/2 but with a fidelity that has smaller frequency and a larger oscillation amplitude. Since the schemes under discussion depend mainly in the amplitude of the oscillations, they are critically sensitive to the asymptotic fidelity of the environmental states. This feature is a significant difference between the newly proposed schemes [11] and the
• Mixed:
• Chaotic: more often used BLP and RHP.
In the mixed and chaotic regimes, the behavior of the measures is monotonically increasing. Since all coherent states have a small IPR, the same arguments given before for low localized states in the integrable regime hold to explain such monotonicity. For the chaotic regime the measures also tend to homogenize; this is expected given that the initial states have similar effective dimension, as they appear random in the eigenbasis of the Floquet operator.
For a random coupling to the environment, measures N max, · D have a monotonic behavior with respect to IPR. However, in contrast to the behavior of the BLP measure, non-Markovianity increases with the inverse participation ratio. This surprising change can be explained when noticing that the BLP measure depends on the number of pairs of minima and maxima that appear in the fidelity in a given interval, while N max, · D depend only on the amplitude of the fluctuations of F (t). As we take more localized initial environmental states, the size of the fluctuations is increased as the pairs of minima and maxima appear less frequently (shown in Fig. 7 ), which explains the aforementioned effect. The behavior in the mixed regime, which is also monotonic increasing, has the same explanation. In the chaotic regime the values of NM also tend to homogenize, having the same explanation as the one given for V = V J for this regime. Now using G(t) as indicator, all measure schemes in all regimes yield almost constant NM with respect to the IPR (right panels of Fig. 8 ). This behavior is expected for the chaotic regime; what remains to be explained is its emergence in the integrable and mixed regimes. To do this we can find an upper bound for the change of N max G in the whole interval of localization; we shall call this ∆N G . From Eq. (7), N max G = log (F (t f )) − log (F (τ )), where t f and τ are the maximum and the minimum attained to the maximization required by the definition. Now, since the logarithm is a monotonic function, the measure N max D is attained to the same times, allowing us to write
The last term can be ignored since F (τ ) is typically very similar for any value of localization. The second term is negative since N max D changes faster than F (τ ) and its absolute value is smaller than the first term which is positive. Therefore ∆N We finish this section by summarizing the results and commenting on practical consequences of the relations we found between non-Markovianity and IPR. The inte-
• Chaotic: grable regime shows the richest behavior when we use a structured coupling to the environment. In our case we observed a wide variety which includes up to two different behaviors for the two hemispheres of the Poincaré sphere. In general the different measures behave differently and depend on the details of the fidelity. However, the IPR determines coarsely the value of the non-Markovianity. As mentioned in Sec. II B, measure N · D is directly related to the task of storing information safely; we can see that to perform such a task with a high probability of success, we need an environment in the integrable regime, a structured interaction, and states with intermediate localization. When the environment is in the chaotic regime, the behavior is not so rich, as the coherent states are quite delocalized, and the non-Markovianity seems to be self averaging. In the mixed regime of the environment, we have an intermediate behavior.
B. Underlying structure
In Ref. [24] , the authors show that non-Markovianity, via long time fluctuations of fidelity, is able to resolve complex phase space structures of the environment using initial coherent states. In particular, the fractal nature of the phase space is clearly visible in the mixed regime. We investigated the spin chain in a similar way, using spin coherent states as initial environmental states, studying now the measures of NM and the IPR as functions of the parameters of the spin coherent states. Our goal is to study the visible structures and how they change during the transition from integrability to chaos.
In the integrable regime (top of Fig. 9) , the values of the NM measures mimic the behavior of the IPR close to the equator of the Poincaré sphere (ϑ = π/2); close to the poles the situation is different. The equator of the Poincaré sphere corresponds to low localized states, and this in turn leads to local minimums for all examined measures of NM. When moving toward the poles, which are very localized states, one finds a local maximum, and then in the vicinity of the pole, a local minimum, for all cases except for N For the mixed regime, the features on the NM measures are mainly governed by the IPR. High localization leads to local maximums in the measure N max D and local minimums for the RHP measure. For the BLP measure, there is also an interesting feature. The local maximum of IPR, located around ϑ ≈ ϕ ≈ 2.5, leads to a local minimum on the NM which is partially surrounded by a maximum. This behavior is actually similar to the one at the poles in the integrable regime. In the chaotic regime the relation of the measures with the localization practically vanishes.
Regarding the transition from integrability to chaos, using the BLP and RHP measures, there is not a notable change in the size of the structures as it does for environments with a classical analog [24, 25] . This might be due to the absence of such structures, or, that simply due to the relative size of the coherent states in this system, they are not able to resolve small structures. More quantitatively, the fluctuations of the spin coherent states in the Poincaré sphere (chosen to have radius one) scale as ∼ N −1 [26] i.e. as [log 2 (dim H)] −1 , while for coherent states in the torus fluctuations scale as (dim H) −1 [27] . The situation is different when using N max D . In the transition to chaos, a finer structure emerges. Although such features do not appear classical, in the sense of the appearance and breaking of KAM tori, it is clear that there is a finer granularity than is typically expected in this transition; these structures are robust with respect to changes in parameters and times of integration. We consider this one of the central results of this work.
Let us now comment on the results using V = V RMT , shown in Fig. 10 . In the integrable regime, measures N 
C. Generality of the results
This section is devoted to a discussion the validity of the main results presented above for a larger number of qubits and for different cutoff times.
We first discuss three key features, namely (i) the decreasing behavior of the BLP and RHP measures for high localized states (shown in Figs. 2 and 5); (ii) the same property for measures N max K and N · K , but only for the hemisphere which contains the states with low asymptotic fidelity (Fig. 6) ; and (iii) the peculiar behavior of measures based on D(t) (also shown in Fig. 6 ), which exhibits a clear change on the slope as localization is increased. Let us now comment how these observations behave as the dimension of the environment is increased, and for sake of brevity only for measures N max K (shown in Fig. 12 ). The results show that the patterns are preserved; however, as the dimension increases the data becomes diffused, i.e. for each value of IPR there is a wider range of NM. This is due to the relation between asymptotic fidelity F(t) and IPR (shown in top panel of Fig. 11 ), which is linear (for each hemisphere of the Poincaré sphere) but spreads out for a larger number of qubits.
It is interesting that this observation also reveals the origin of the above mentioned splitting of the relation between localization and non-Markovianity, due to the different values of asymptotic fidelities of high localized states. Therefore, by plotting the relation of NM versus F(t) (shown in the bottom panel of Fig. 12 ), it can be seen that the splitting and the spreading of the data are removed, revealing that the relation of NM is simpler as a function of the effective dimension of the Hilbert space of the initial states.
Next, we shall study the emergent structures in the computed measures for the system with a higher dimension (we used a spin chain with 16 qubits). It yields basically the same behavior as for the 10 qubits case (shown in Fig. 13 ), but there is an emergence of smaller finer features in the landscapes of measure N max D (N · G ), which has basically an identical landscape. We conclude that such fine structures become smaller as the dimension is increased. A general characteristic of the landscapes, especially in the integrable and mixed regimes, is that the local maximums in the IPR determines the most visible structures in the NM. They appear as local maximums or minimums depending on the chosen measure and/or in the asymptotic averaged fidelity of the coherent states of the region.
We finalize this section by discussing the validity of our observations for other cutoff times. In Fig. Fig. 14, we show the values of all the measures treated in this paper for the integrable case and for one state of the environment, as a function of the cutoff time. Measures BLP and RHP are normalized by t cut to avoid their trivial linear dependence. The figure shows that all measures saturate quickly to its asymptotic value, except N max G , which saturates more slowly than others but more quickly with respect to the system size. We discussed only the results for one state in one regime since the exploration for other cases gives very similar results.
V. CONCLUSIONS
We performed numerical calculations of the nonMarkovianity of a qubit coupled to an environment modeled by a unitary kicked spin chain in a coherent state. Several dynamical regimes of the chain, couplings between qubit and environment, and measures of nonMarkovianity, were considered. Additionally, the inverse participation ratio of the environment (with respect to the coupled environment) was calculated.
We explored the relation of NM versus IPR and showed that the schemes N max K and N · K , proposed in Ref. [11] have important and potentially useful differences with respect to the more common measures BLP and RHP. We showed that that the first mentioned schemes reveal the asymptotic fidelity of the environmental state, leading to two clearly different behaviors of the measures in function of the IPR. Regarding the validity of the former results, we showed that the relations between non-Markovianity and localization for larger environments remain the same. However, self averaging was not observed. A central result of the paper is the identification of a maximum of the NM for intermediately localized environmental states, when using distinguishability as indicator. Such a scenario could be used to protect classical information more efficiently [11] .
In the second part of the work we presented a study of the NM and the IPR as functions of the parameters of the Poincaré sphere in which the initial coherent environmental states live. We concluded that there are structures mainly depicted by the IPR in all dynamical regimes; these are robust under the election of the interaction Hamiltonian and the dimension of the environment. We have shown that although such structures are not classical-like (in the sense that they do not present KAM behavior), they become finer in the transition to chaos when using measures N the integrable regime, we plot the Poisson distribution e −s ; for the chaotic we plot the Wigner surmise; finally, for the mixed regime, we present the Brody distribution [29] ,
The Brody parameter is denoted by q and takes the ansatz from the integrable case (q = 0) to the Gaussian orthogonal ensemble (q = 1), fitting smoothly with the nearest spacing distribution of the chain in the transition to chaos. In the main figure, the dotted blue curve shows the P (s) for the chaotic regime, and the dashed black shows that for the integrable regime. The solid black curve shows the P (s) for the Poissonian orthogonal ensemble and the solid blue shows it for the circular orthogonal ensemble. In the inset the dashed curve shows the P (s) for the mixed regime and the solid curve shows that for the Brody distribution with b = 0.77; see Ref. [28] . There is good agreement on all regimes with the predictions of random matrix theory.
